Abstract -Several sufficient conditions are formulated for the uni-and bimodality of a mixture of two Gaussian distributions with equal variances σ 2 and different expectation values µ i , i = 1, 2. An equation governing all the degenerate critical inflection points for the probability density f ( x ) of the mixture is derived by a statistical method. This equation describes the boundary of the uni-and bimodality domains of f ( x ).
INTRODUCTION
Gaussian mixtures have found wide applications in various fields of science and practice [1, 7, 8] . This motivated the task of estimating the number of modes in a mixture depending on the distribution parameters. We solve this problem for a mixture of two Gaussian distributions with equal variances σ 2 and different expectation values µ i , i = 1, 2.
STATEMENT OF THE PROBLEM
AND SOLUTION METHODS The probability density of such a mixture is given by the formula (1) where x ∈ R and π i is an a priori probability of the i th component such that π i ∈ (0, 1) and π 1 + π 2 = 1.
The mode of the smooth function f ( x ) is its critical point; it is the root of the equation (2) Equation (2) can be reduced to an equivalent one
As was proved in [2] , if ϕ in (4) is a contraction operator, then Eq. (2) has a single root and the function f ( x ) is unimodal. Below are the results from [2] we need in our presentation. If an equality holds in (5), then we have an equation for the boundary of the contraction domain of ϕ for ρ 2 > 4 and π 1 ≠ π 2 . Denoting the right-hand side of (5) by ψ 3 (ρ), i.e., (6) we write this boundary equation as Numerous experiments have shown that, if (5) in the assumptions of Theorem 2 is replaced by the reverse inequality, i.e., by then the number s of critical points of f(x) satisfies
The function f (x) is unimodal for 1 ≤ s ≤ 2 and bimodal for s = 3. If s = 2, then one of the of critical
≤ ≤
MATHEMATICAL THEORY OF PATTERN RECOGNITION
APRAUSHEVA, SOROKIN points of f (x) is an inflection point; i.e., it satisfies the equation (7) Any critical inflection point of the function is a degenerate critical point [3] . The expressions for (x) and (x) and Eqs. (2) and (7) yield the equation for all the degenerate critical point of f(x):
These results imply that the Gaussian mixture under study is not a Morse function [3] . The equation for the set of critical inflection points of f(x) is one describing the boundary of its uni-and bimodality domains. An equation of the form |ln(π 1 )| = ψ 2 (ρ) for this boundary is determined by a statistical method.
Fifteen critical inflection points were experimentally found on the number line. The values of ρ and ψ 2 = |ln(π 1 )| at each point are presented in the table.
Additionally, the table lists the values of |ln(π 1 )| = ψ 3 (ρ) and ψ = ψ 3 -ψ 2 , where ψ 3 (ρ) is given by (6) . The functions ψ 3 (ρ), ψ 2 (ρ), and ψ(ρ) are also plotted in the figure.
RESULTS
The function ψ(ρ) is approximated using quadratic regression [4, 6] . Specifically, for each point A i (ρ, ψ), we use the equation (8) where ε i is the deviation of A i from the parabola (9)
Applying the least squares method [4, 6] to system (8) yields the system of normal equations
The calculated coefficients of a, b, and c are substituted into these equations to obtain (10) Solving system (10) by Gaussian elimination [5] produces the parameter estimates = -0.327, = 3.867, 
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and = -3.738. Therefore, ψ(ρ) in (9) is approximated by (11)
For this approximation, the mean absolute error is ∆ = 0.101, the mean relative error is δ = 0.024, and the rms deviation is σ 1 = 0.124 with = 0.015. Combining the definitions of ψ 3 , ψ 2 , and ψ with expressions (6) and (11) gives the following approximate equation for the set of degenerate critical inflection points of f(x):
which is an approximate equation for the boundary of the uni-and bimodality domains of f(x) for ρ > 2 and π 1 ≠ π 2 in the parameter space (π 1 , π 2 , ρ).
Using the Chebyshev inequality [4] for the unknown function ψ, namely, with t = 4 and σ 1 = 0.124, we obtain the confidence interval (13) where is given by (11).
Since ψ = ψ 3 -ψ 2 and = ψ 3 -, combining (12) with (13), we find for ψ 2 (ρ) = |ln(π 1 )| that
where Expression (14) gives a confidence interval for all the critical inflection points of f(x) with a probability greater than or equal to 0.9375. Our argument implies that f(x) is bimodal with a probability greater than or equal to 0.9375 if for ρ > 2 and π 1 ≠ π 2 and is unimodal with the same probability if CONCLUSIONS For the probability density of the mixture under study, we found an exact equation for all its degenerate critical points lying on the number line and derived an approximate equation for its degenerate critical inflec- tion points in the space of the parameters π 1 , π 2 , and ρ. A confidence interval was constructed for these points. The uni-and bimodality domains of the mixture were determined.
